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GLOBAL SECONDARY CR INVARIANTS IN DIMENSION FIVE
TAIJI MARUGAME
Abstract. A global secondary CR invariant is defined as the integral of a
pseudo-hermitian invariant which is independent of a choice of pseudo-Einstein
contact form. We prove that any global secondary CR invariant on CR
five-manifolds is a linear combination of the total Q′-curvature, the total I′-
curvature, and the integral of a local CR invariant.
1. Introduction
Construction of invariants of CR structure is a fundamental problem in CR ge-
ometry. Of particular importance are global CR invariants which are given as the
integral of pseudo-hermitian invariants, i.e., Tanaka–Webster curvature quantities,
since one can calculate them by local geometric data of CR manifolds. Recently,
there has been much progress in construction of such invariants defined for a re-
stricted class of contact forms, namely pseudo-Einstein contact forms. A global
secondary CR invariant is the integral of a pseudo-hermitian invariant which is
defined for any pseudo-Einstein contact form θ and is invariant under changes of
θ. Such a class of invariants is natural in relation to complex geometry and easier
to construct by using techniques of the ambient metric or Cheng–Yau’s Ka¨hler-
Einstein filling.
An example of global secondary CR invariant is the Burns–Epstein invariant in-
troduced by Burns–Epstein [1, 2] in dimension three, and generalized by the author
[10] to higher dimensions as the boundary term of the renormalized Chern–Gauss–
Bonnet formula for strictly pseudoconvex domains. Another example is the total
Q′-curvature introduced by Case–Yang [5] in dimension three and generalized to
higher dimensions by Hirachi [7]. The Q′-curvature is a pseudo-hermitian invariant
whose transformation formula is described by linear differential operators P, P ′ and
the CR invariance of its integral follows from the formal self-adjointness of these
operators. In dimension three, these two CR invariants coincide up to a universal
constant multiple; in fact, up to universal constant multiples, the Burns–Epstein
invariant is the only global secondary CR invariant of three dimensional CR mani-
folds; see [7].
In dimension five, Case–Gover [3] derived an explicit formula of the Q′-curvature
by using the CR tractor calculus. Modulo divergence terms, it reads
(1.1) Q′ ≡ 2P 3 − 2P |Aαβ |
2 − SαβγµA
αγAβµ − |Vαβγ |
2.
Moreover, they defined a pseudo-hermitian invariant, called the I ′-curvature, whose
integral gives the difference between the total Q′-curvature and the Burns–Epstein
invariant:
(1.2) I ′ =
1
2
P |Sαβγµ|
2 + |Vαβγ |
2 +
1
8
∆b|Sαβγµ|
2.
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The transformation formula of I ′ is described in terms of a CR invariant represen-
tative of the second Chern class of the CR tangent bundle, whose vanishing explains
the CR invariance of the total I ′-curvature.
Hirachi [7] conjectured that a pseudo-hermitian invariant defined for pseudo-
Einstein contact forms is decomposed into the sum of a multiple of Q′, local CR
invariants, and divergence terms if it integrates to a global secondary CR invariant.
However, Reiter–Son [12] showed that the total I ′-curvature gives a counterexample
to Hirachi’s conjecture. The I ′-curvature was generalized to higher dimensions in-
dependently by the author [11] and Case–Takeuchi [4]. Case–Takeuchi also proved
that the I ′-curvatures give counterexamples to Hirachi’s conjecture in general di-
mensions.
In this paper, we prove that the I ′-curvature is essentially the only counterex-
ample to Hirachi’s conjecture in dimension five:
Theorem 1.1. Let Fθ ∈ E(−3,−3) be a pseudo-hermitian invariant on CR five-
manifolds defined for pseudo-Einstein contact forms. If the integral of Fθ is inde-
pendent of the choice of pseudo-Einstein contact form, then there exist constants
c1, c2, c3 ∈ C such that
Fθ ≡ c1Q
′ + c2I
′ + c3Sα
β
γ
µSβ
ν
µ
τSν
α
τ
γ
modulo divergence terms.
Note that the last term in the above expression is a nontrivial local CR invariant;
see §3.3. The integrals of each term are linearly independent by the argument in [12].
We prove this theorem by listing up all pseudo-hermitian invariants Fθ ∈ E(−3,−3)
for pseudo-Einstein contact forms up to divergence terms (see Proposition 3.1).
Considerations of specific examples of CR manifolds (the sphere and a Reinhardt
hypersurface) give the restriction to Fθ as above if it integrates to a global secondary
CR invariant.
Acknowledgment The author is grateful to Kengo Hirachi for posing the problem
of classifying global secondary CR invariants in dimension five. He also thanks
Yoshihiko Matsumoto and Yuya Takeuchi for comments and discussions.
2. Preliminaries
2.1. Pseudo-hermitian geometry of CR manifolds. Let (M,H, J) be a strictly
pseudoconvex CR manifold of dimension 2n+1 ≥ 5. Namely, H ⊂ TM is a contact
distribution and J ∈ Γ(End H) is an almost complex structure with the integra-
bility condition [Γ(T 1,0M),Γ(T 1,0M)] ⊂ Γ(T 1,0M). Here T 1,0M ⊂ C⊗H denotes
the eigenspace bundle for J with eigenvalue i. The strict pseudoconvexity means
that the Levi form hθ(X,Y ) := dθ(X, JY ) gives a positive definite hermitian form
on H for any (positive) contact form θ.
We fix a contact form θ and take a local frame {Z0 := T, Zα, Zα := Zα} for
C⊗ TM adapted to the decomposition
C⊗ TM = CT ⊕ T 1,0M ⊕ T 1,0M,
where T is the Reeb vector field of θ: θ(T ) = 1, T y dθ = 0. Such a frame is called
an admissible frame. The dual coframe is denoted by {θ0 = θ, θα, θα}. In this
frame, we have
dθ = ihαβθ
α ∧ θβ ,
where hαβ := hθ(Zα, Zβ).
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The Tanaka–Webster connection ∇ associated to θ is a linear connection on TM
defined by ∇T = 0, ∇Zα = ωα
β ⊗ Zβ , where the connection form ωα
β is uniquely
characterized by the structure equations
dθα = θβ ∧ ωβ
α + Aαβ θ ∧ θ
β ,
dhαβ = ωα
γhγβ + hαγωβ
γ ,
where ωβ
γ = ωβγ . Note that the second equation means that ∇ preserves the Levi
form, and hence the covariant differentiation commutes with lowering or raising the
indices by the Levi form hαβ or its inverse h
αβ . The tensor Aαβ is a component of
the torsion tensor of∇ and is called the Tanaka–Webster torsion tensor. The tensor
Aαβ := Aαβ is symmetric: Aαβ = Aβα. The curvature form Ωα
β = dωα
β−ωα
γ∧ωγ
β
can be written as
Rα
β
γµθ
γ ∧ θµ +∇βAαγθ
γ ∧ θ −∇αA
β
γθ
γ ∧ θ − iAαγθ
γ ∧ θβ + ihαγA
β
µθ
γ ∧ θµ.
The tensor Rα
β
γµ is called the Tanaka–Webster curvature tensor and it has the
following symmetries:
(2.1) Rαβγµ = Rγβαµ = Rαµγβ, Rαβγµ = Rβαµγ .
We also define the Tanaka–Webster Ricci tensor and the Tanaka–Webster scalar
curvature by the contractions:
Rαβ := Rγ
γ
αβ , R := Rα
α
β
β .
A (scalar) pseudo-hermitian invariant is a function defined by a universal formula
as a linear combination of complete contractions of the Tanaka–Webster curvature
tensor, the Tanaka–Webster torsion tensor, and their covariant derivatives. Note
that pseudo-hermitian invariants are relative to a choice of contact form. We usually
put CR weights on these invariants and regard them as a CR density; see §2.3 below.
We will introduce some important tensors on CR manifolds. The Chern–Moser
tensor is defined by
Sαβγµ := Rαβγµ − Pαβhγµ − Pγβhαµ − Pγµhαβ − Pαµhγβ,
where
Pαβ :=
1
n+ 2
(
Rαβ −
R
2(n+ 1)
hαβ
)
is the CR Schouten tensor. The Chern–Moser tensor is trace-free and has the same
symmetries as in (2.1). Moreover, it is CR invariant in the sense that Ŝα
β
γµ =
Sα
β
γµ holds for any rescaling of the contact form. We set P := Pα
α = 12(n+1)R
and define
Tα :=
1
n+ 2
(∇αP − i∇
βAαβ),
Vαβγ := ∇βAαγ + i∇γPαβ − iTγhαβ − 2iTαhγβ.
The tensor Vαβγ is related to Sαβγµ by the following equation ([4, Lemma 2.2]):
(2.2) ∇[αSβ]
γ
µ
ν = iVµ
ν
[αδβ]
γ + iVµ
γ
[αδβ]
ν .
In particular, we have
(2.3) ∇µSαβγµ = −inVαβγ .
Thus, Vαβγ is trace-free and satisfies Vαβγ = Vγβα.
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2.2. Pseudo-Einstein contact forms. A contact form is called pseudo-Einstein
if it satisfies
Rαβ =
R
n
hαβ.
A complex function f on M is called a CR function if Zf = 0 for all Z ∈ T 1,0M ,
and a real function is called a CR pluriharmonic function when it is locally the
real part of a CR function. If θ is a pseudo-Einstein contact form, then eΥθ is
pseudo-Einstein if and only if Υ is CR pluriharmonic.
For a pseudo-Einstein contact form, the Chern–Moser tensor is represented as
(2.4) Sαβγµ = Rαβγµ −
2
n
P (hαβhγµ + hγβhαµ).
Moreover, the Bianchi identity ∇αR −∇
βRαβ = i(n− 1)∇
βAαβ ([9, Lemma 2.2])
gives
(2.5) ∇βAαβ = −
2(n+ 1)i
n
∇αP,
and hence
(2.6) Vαβγ = ∇βAαγ +
2i
n
(
(∇αP )hγβ + (∇γP )hαβ
)
.
We also need the following identity for a pseudo-Einstein contact form on five
dimensional CR manifolds:
(2.7) i(∇0Aαβ)A
αβ = −
1
8
R∆bR+ |∇γAαβ |
2+RαβγµA
αγAβµ−
1
2
R|Aαβ |
2+(div),
where (div) denotes divergence terms and ∆b = −∇α∇
α−∇α∇α is the sublaplacian;
see [8, Proposition 6.3] for the proof. Note that our sign convention of ∆b is opposite
to that in [8].
2.3. CR weights and transformation formulas. When we consider transfor-
mation formulas of pseudo-hermitian tensors under rescaling of the contact form,
it is convenient to put appropriate CR weights on them.
Let
KM := {ζ ∈ C⊗ ∧
n+1T ∗M | Zy ζ = 0, ∀Z ∈ T 1,0M}
be the CR canonical bundle, and define the CR density of weight (m,m),m ∈ Z by
E(m,m) := (KM ⊗KM )
− m
n+2 .
We also call a section of this bundle a CR density. A choice of contact form θ
determines a CR density τθ := |ζ|
−2/(n+2) ∈ E(1, 1), where ζ ∈ KM satisfies
θ ∧ (dθ)n = in
2
n!θ ∧ (T y ζ) ∧ (T y ζ);
such ζ is unique up to multiplications of U(1)-valued functions, so τθ is well-defined.
For a rescaling θ̂ = eΥθ, we have τθ̂ = e
−Υτθ. If a pseudo-hermitian tensorB satisfies
B̂ = emλB for rescaling θ̂ = eλθ by any constant λ ∈ R, then we put CR weight
(m,m) by replacing B by τ⊗mθ B. The resulting weighted tensor is invariant under
rescaling of θ by constant functions. For example, as weighted tensors, the Levi
form hαβ has CR weight (1, 1) while the inverse h
αβ has weight (−1,−1). Thus,
raising and lowering indices change the CR weight. The curvature tensor Rα
β
γµ
and the torsion tensor Aαβ have weight (0, 0), and the scalar curvature R has weight
(−1,−1). Putting these weights, we have the following transformation formulas for
rescaling θ̂ = eΥθ:
Âαβ = Aαβ + iΥαβ − iΥαΥβ,(2.8)
P̂ = P +
1
2
∆bΥ−
n
2
ΥαΥ
α,(2.9)
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where Υα := ∇αΥ and Υαβ := ∇β∇αΥ. For a CR density f ∈ E(m,m), the
transformation formula of the sublaplacian is given by
(2.10) ∆̂bf = ∆bf−(n+2m)(Υ
α∇αf+Υα∇
αf)+m(∆bΥ)f−2m(n+m)ΥαΥ
αf.
For a CR density f ∈ E(−n− 1,−n− 1), we can define the integral∫
M
f :=
∫
M
(τn+1θ f) θ ∧ (dθ)
n,
which is independent of choice of θ. If the integral of a pseudo-hermitian invariant
Fθ ∈ E(−n− 1,−n− 1) is independent of choice of a pseudo-Einstein contact form,
it is called a global secondary CR invariant.
2.4. The Graham–Lee connection. To compute explicit formulas of the Tanaka–
Webster connection for the boundary of a strictly pseudoconvex domain, it is useful
to introduce an extended connection, called the Graham–Lee connection, defined
on a neighborhood of the boundary ([6]).
Let X be an (n + 1)-dimensional complex manifold, and Ω ⊂ X a bounded
domain with strictly pseudoconvex boundary M . A real function ρ ∈ C∞(X) is
called a (boundary) defining function if Ω = ρ−1((0,∞)) and dρ 6= 0 on M . The
induced CR structure onM is given by the subbundle Ker ∂ρ ⊂ C⊗TM . The Levi
form for the contact form θ = (i/2)(∂ρ− ∂ρ)|TM is the restriction of −∂∂ρ.
We take a (1, 0)-vector field ξ on a neighborhood of M which satisfies
(2.11) ξρ = 1, −ξy ∂∂ρ = κ∂ρ
with a real function κ called the transverse curvature. Then we have the decompo-
sition
T 1,0X = Ker ∂ρ⊕ Cξ
near M . A local (1, 0)-frame {Zα, ξ} adapted to this decomposition is called a
Graham–Lee frame. In this frame, we can write as
−∂∂ρ = hαβθ
α ∧ θβ + κ∂ρ ∧ ∂ρ,
where {θα, ∂ρ} is the dual frame of {Zα, ξ} and hαβ = −∂∂ρ(Zα, Zβ). Note that
at the boundary, hαβ agrees with the Levi form for θ.
The Graham–Lee connection ∇ for ρ is a linear connection of TX defined in a
neighborhood of M . It preserves Ker ∂ρ and satisfies ∇ξ = 0. The connection 1-
forms ϕα
β with respect to {Zα} are characterized by the structure equations:
(2.12)
dθα = θβ ∧ ϕβ
α + iAαβ∂ρ ∧ θ
β − κα∂ρ ∧ ∂ρ−
1
2
κdρ ∧ θα,
dhαβ = ϕα
γhγβ + hαγϕβ
γ ,
where ϕβ
γ := ϕβγ and the index in κ
α is raised by the inverse hαβ of hαβ. We
observe that these structure equations restrict to those of the Tanaka–Webster
connection at the boundary. Thus we have ϕα
β |TM = ωα
β and the restriction of
Aαβ coincides with the Tanaka–Webster torsion tensor.
3. Proof of Theorem 1.1
3.1. Pseudo-hermitian invariants of weight (−3,−3). To prove Theorem 1.1,
we first list up all pseudo-hermitian invariants Fθ ∈ E(−3,−3) which may appear
in the integrand of a global secondary CR invariant of CR five-manifolds:
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Proposition 3.1. Let Fθ ∈ E(−3,−3) be a pseudo-hermitian invariant defined
for pseudo-Einstein contact forms on five dimensional CR manifolds. Then it is a
linear combination of
P 3, P |Aαβ |
2, P |Sαβγµ|
2, P∆bP, |Vαβγ |
2,
SαβγµA
αγAβµ, Sα
β
γ
µSβ
ν
µ
τSν
α
τ
γ
modulo divergence terms.
Proof. We first observe that we may assume that Fθ does not contain the index
0 since we can eliminate the covariant derivative ∇0 by using the Ricci identities
such as
(∇α∇β −∇β∇α)Bγ
µ = −Rγ
ν
αβBν
µ +Rν
µ
αβBγ
ν − ihαβ∇0Bγ
µ
for a pseudo-hermitian tensor Bγ
µ. Thus, Fθ is a linear combination of complete
contractions of pseudo-hermitian tensors which are written in terms of
Rα
β
γµ, Aαβ , Aαβ , ∇α, ∇α.
Note that these have CR weight (0, 0). If we take trace with hαβ once, the CR
weight changes by (−1,−1). Since Fθ ∈ E(−3,−3), we must use h
αβ exactly three
times. Hence the possible combinations are the following:
Case 1. Aαβ , Aαβ , Rα
β
γµ
Case 2. Aαβ , Aαβ , ∇α, ∇α
Case 3. Aαβ , Rα
β
γµ, ∇α, ∇α and the complex conjugates
Case 4. Aαβ , ∇α, ∇α, ∇α, ∇α and the complex conjugates
Case 5. Rα
β
γµ, Rα
β
γµ, Rα
β
γµ
Case 6. Rα
β
γµ, Rα
β
γµ, ∇α, ∇α
Case 7. Rα
β
γµ, ∇α, ∇α, ∇α, ∇α
We can ignore Case 4 and Case 7 since they provide only divergence terms. We
will consider the other cases. In the sequel, we set
〈B,C, · · · 〉 := spanC{B,C, · · · }/(divergence terms)
for pseudo-hermitian invariants B,C · · · .
Case 1. By (2.4), this case provides SαβγµA
αγAβµ and P |Aαβ |
2.
Case 2. Modulo divergence terms, we have the following two possibilities:
contr[(∇µAαβ)(∇γAτσ)],(3.1)
contr[(∇µ∇γAαβ)Aτσ],(3.2)
where “contr” means the complete contraction. We can express (3.1) in terms of
Vαβγ ,∇αP and their complex conjugates by using (2.6). Since Vαβγ is symmetric
in α, γ and trace-free, we have
contr[(∇µAαβ)(∇γAτσ)] ∈ 〈|Vαβγ |
2, |∇αP |
2〉 = 〈|Vαβγ |
2, P∆bP 〉,
where we have used |∇αP |
2 ≡ 12P∆bP modulo divergence. Thus, (3.1) appears in
our list. By the Ricci identity, (3.2) can be rewritten as
contr[(∇γ∇µAαβ +Rγµ
ν
αAνβ +Rγµ
ν
βAαν + ihγµ∇0Aαβ)Aτσ].
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The first term is reduced to (3.1) modulo divergence while the second and the third
term are reduced to Case 1. By (2.4), (2.6) and (2.7), the forth term gives
i(∇0Aαβ)A
αβ ∈ 〈P∆bP, |Vαβγ |
2, SαβγµA
αγAβµ, P |Aαβ |
2〉,
which appears in the list.
Case 3. We express Rα
β
γµ in terms of Sα
β
γµ and P . Modulo divergence, the
term which involves P gives P∇α∇βAαβ and its complex conjugate, but this is a
multiple of P∆bP modulo divergence by (2.5). On the other hand, the terms which
contain Sα
β
γµ are of the form
contr[(∇γAαβ)∇µSντρσ]
or its complex conjugate modulo divergence. If the index µ is contracted with α
or β, then it gives 0 since Sντρσ must have an inner contraction. If the index µ
is contracted with ν or ρ, we obtain contr[(∇γAαβ)Vτρσ] by (2.3), and this gives
|Vαβγ |
2 by (2.6).
Case 5. We rewrite Rα
β
γµ by Sα
β
γµ and P . By the symmetries and trace-free
property of Sα
β
γµ, the resulting densities are P
3, P |Sαβγµ|
2, and
contr[Sα1β1γ1µ1Sα2β2γ2µ2Sα3β3γ3µ3 ].
The last one gives
Sα
β
γ
µSβ
ν
µ
τSν
α
τ
γ , Sα
β
γ
µSβ
ν
τ
γSν
α
µ
τ .
However, on five dimensional CR manifolds, we have
0 = 3!S[α
β
|γ|
µSβ
ν
|µ|
τSν]
α
τ
γ = Sα
β
γ
µSβ
ν
µ
τSν
α
τ
γ + Sν
β
γ
µSα
ν
µ
τSβ
α
τ
γ ,
where [· · · ] denotes the skew symmetrization over the indices α, β, ν. Hence we
have only Sα
β
γ
µSβ
ν
µ
τSν
α
τ
γ up to constant multiples.
Case 6. We express Rα
β
γµ by Sα
β
γµ and P . A density made from {P, P,∇α,∇α}
is only P∆bP modulo divergence. A density made from {P, Sαβγµ,∇α,∇α} is 0
since we must take trace of Sαβγµ. We will consider the densities made from
{Sαβγµ, Sαβγµ,∇α,∇α}. Up to divergence terms and the complex conjugates, these
are of the form
contr[(∇τ∇σSα1β1γ1µ1)Sα2β2γ2µ2 ].
We devide the cases according to the index with which σ is contracted:
contr[(∇τ∇
α1Sα1β1γ1µ1)Sα2β2γ2µ2 ],(3.3)
contr[(∇τ∇
α2Sα1β1γ1µ1
)Sα2β2γ2µ2
],(3.4)
contr[(∇τ∇
τSα1β1γ1µ1
)Sα2β2γ2µ2
].(3.5)
By (2.3), (3.3) gives
(3.6) contr[(∇τVβ1γ1µ1)Sα2β2γ2µ2 ] ≡ −contr[Vβ1γ1µ1∇τSα2β2γ2µ2 ].
In the right-hand side, the index τ must be contracted with β2 or µ2 since otherwise
Sα2β2γ2µ2
has an inner contraction. Hence this gives |Vαβγ |
2.
Next we consider (3.4). If we contract τ with β2 or µ2, (3.4) vanishes since
Sα1β1γ1µ1 has an inner contraction. Hence τ is contracted with β1 or µ1, and (3.4)
gives only
(∇τ∇
α2Sα1
τ
γ
µ)Sα2
α1
µ
γ .
By the Ricci identity, this is computed as
(∇α2∇τSα1
τ
γ
µ +R#S − iδτ
α2∇0Sα1
τ
γ
µ)Sα2
α1
µ
γ ,
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where R#S denotes the terms obtained by the curvature action. The first term
is the complex conjugate of (3.3), and the second term is reduced to Case 5. The
third term gives −i2 ∇0|Sαβγµ|
2 = 14 (∇α∇
α−∇α∇α)|Sαβγµ|
2, which is a divergence.
We will consider (3.5). The complex conjugate gives
(∇τ∇τSαβγµ)S
βαµγ .
By (2.2), this is computed as(
∇τ∇αSτβγµ + 2i∇
τ (Vγβ[τhα]µ + Vγµ[τhα]β)
)
Sβαµγ .
The first term is reduced to the complex conjugate of (3.4). The second and the
third terms coincide with the complex conjugate of (3.6) and yield |Vαβγ |
2.
Thus we complete the proof. 
Given a pseudo-hermitian invariant Fθ ∈ E(−3,−3), we can eliminate the terms
P 3 and |Vαβγ |
2 in Fθ by adding multiples of Q
′ and I ′; see the formulas (1.1), (1.2).
Hence, to prove Theorem 1.1, it suffices to show that if an integral∫
M
(c1P |Aαβ |
2 + c2P∆bP + c3SαβγµA
αγAβµ + c4P |Sαβγµ|
2)
is a global secondary CR invariant of CR five-manifolds then c1 = c2 = c3 = c4 = 0.
We prove this fact by considering two examples of CR manifold.
3.2. The CR sphere. First we deal with the CR sphere
S5 =
{
(zα, w) ∈ C3
∣∣∣ 2∑
α=1
|zα|2 + |w|2 = 1
}
,
on which Sαβγµ = 0. We will prove that if
(3.7)
∫
S5
(c1P |Aαβ |
2 + c2P∆bP )
is independent of choice of pseudo-Einstein contact form, then c1 = c2 = 0.
We first compute the Graham–Lee connection for the defining function ρ :=
1−
∑
|zα|2 − |w|2. The (1, 0)-vector field
ξ =
1
ρ− 1
(
zα
∂
∂zα
+ w
∂
∂w
)
satisfies (2.11) with the transverse curvature κ = (1−ρ)−1. We take a Graham–Lee
frame {Zα, ξ} and its dual coframe {θ
α, ∂ρ} as
Zα =
∂
∂zα
−
zα
w
∂
∂w
, θα = dzα +
zα
1− ρ
∂ρ.
Then, the Levi form hαβ = −∂∂ρ(Zα, Zβ) and its inverse are given by
hαβ = δαβ +
zαzβ
|w|2
, hαβ = δαβ −
zαzβ
1− ρ
.
If we set
ϕβ
α =
1
1− ρ
zαhβγθ
γ +
1
2(1− ρ)
(∂ρ− ∂ρ)δβ
α, Aαβ = 0,
then these satisfy the structure equations (2.12). Hence the Tanaka–Webster con-
nection and the torsion tensor for the standard contact form θ = (i/2)(∂ρ−∂ρ)|TS5
are
ωβ
α = ϕβ
α|TS5 = z
αhβγθ
γ − iθδβ
α, Aαβ = 0.
GLOBAL SECONDARY CR INVARIANTS IN DIMENSION FIVE 9
The Tanaka–Webster curvature tensor is given by
Rαβγµ = hαβhγµ + hγβhαµ.
In particular, we have P = 1. In the sequel, we trivialize the CR density by θ.
Let θ̂ = eΥθ be another pseudo-Einstein contact form. Then, by (2.9) and (2.10),
we have
(3.8) ∆̂bP̂ =
1
2
∆2bΥ−∆bΥ−∆b(ΥαΥ
α)−
1
2
(∆bΥ)
2 + 2ΥαΥ
α +O(3),
where O(3) denotes terms of order greater than or equal to 3 in Υ. We consider a
one parameter family of pseudo-Einstein contact forms eεΥθ (ε ∈ R) and set
δk :=
∂k
∂εk
∣∣∣
ε=0
.
By (2.8), (2.9), and (3.8), we have
δAαβ = iΥαβ, δP =
1
2
∆bΥ, δ(∆bP ) =
1
2
∆2bΥ −∆bΥ,
1
2
δ2(∆bP ) ≡ −
1
2
(∆bΥ)
2 + 2ΥαΥ
α mod divergence,
and hence
1
2
δ2(P |Aαβ |
2) = (δAαβ)(δA
αβ) = ΥαβΥ
αβ ,
1
2
δ2(P∆bP ) = δPδ(∆bP ) +
1
2
δ2(∆bP ) ≡
1
4
∆bΥ∆
2
bΥ− (∆bΥ)
2 + 2ΥαΥ
α
modulo divergence. Thus, if the integral (3.7) is a global secondary CR invariant
of S5, we have
(3.9)
∫
S5
[
c1ΥαβΥ
αβ + c2
(1
4
∆bΥ∆
2
bΥ− (∆bΥ)
2 + 2ΥαΥ
α
)]
θ ∧ (dθ)2 = 0
for any CR pluriharmonic function Υ.
Let us consider the CR pluriharmonic functions
Υ :=
1
m
(
(z1)m + (z1)m
)∣∣
S5
, m = 1, 2, · · · .
For simplicity, we do not refer to the restriction to S5 in the sequel. Since ωα
β(Zγ) =
0 in the frame {Zα}, we have
Υ1 = (z
1)m−1, Υ11 = Z1Z1Υ = (m− 1)(z
1)m−2
and the other components in Υα,Υαβ are 0. Thus,
ΥαΥ
α = h11Υ1Υ1 = (1− |z
1|2)|z1|2(m−1),
ΥαβΥ
αβ = h11h11Υ11Υ11 = (m− 1)
2(1− |z1|2)2|z1|2(m−2).
From
Υαβ = ZβZαΥ− ωα
γ(Zβ)Υγ = −(z
1)mhαβ ,
we have
∆bΥ = 2mΥ, ∆
2
bΥ = 4m
2Υ.
It follows that
1
4
∆bΥ∆
2
bΥ− (∆bΥ)
2 + 2ΥαΥ
α
= 2(2m− 5)|z1|2m + 2|z1|2(m−1) + 2(m− 2)
(
(z1)2m + (z1)2m
)
.
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In the integration (3.9), we may replace θ ∧ (dθ)2 by the standard volume form dV
since the former is a multiple of the latter. We first note that∫
S5
(z1)2mdV = 0
holds since the integral changes sign by the rotation z1 7→ eipi/(2m)z1. We will
compute the integral of |z1|2k by using the polar coordinates of S5:
cos θ1
sin θ1 cos θ2
sin θ1 sin θ2 cos θ3
sin θ1 sin θ2 sin θ3 cos θ4
sin θ1 sin θ2 sin θ3 sin θ4 cos θ5
sin θ1 sin θ2 sin θ3 sin θ4 sin θ5, 0 ≤ θ1, θ2, θ3, θ4 ≤ pi, 0 ≤ θ5 ≤ 2pi.
We let Re z1, Im z1 be the last two coordinates. Since the volume is given by
dV = sin4 θ1 sin
3 θ2 sin
2 θ3 sin θ4dθ1dθ2dθ3dθ4dθ5,
we have∫
S5
|z1|2kdV =
∫
sin2k+4 θ1 sin
2k+3 θ2 sin
2k+2 θ3 sin
2k+1 θ4dθ1dθ2dθ3dθ4dθ5
=
2pi3
(k + 1)(k + 2)
.
Here we have used the formula∫ pi
2
0
sinn θdθ =
{
(n−1)!!
n!! (n : odd)
(n−1)!!
n!! ·
pi
2 (n : even).
By computing with these formulas, we obtain
1
2pi3
∫
S5
ΥαβΥ
αβdV =
6(m− 1)
m(m+ 1)(m+ 2)
,
1
2pi3
∫
S5
(1
4
∆bΥ∆
2
bΥ− (∆bΥ)
2 + 2ΥαΥ
α
)
dV =
4(m− 1)2
m(m+ 1)(m+ 2)
.
It follows from (3.9) that
3c1 + 2(m− 1)c2 = 0
for m = 2, 3, · · · and hence c1 = c2 = 0.
3.3. A Reinhardt hypersurface. We next consider the boundary of the Rein-
hardt domain
Ω :=
{
(ζ0, ζ1, ζ2) ∈ C3
∣∣∣ 2∑
i=0
(log |ζi|)2 < 1
}
.
Pseudo-hermitian geometry of ∂Ω is examined in [10], and higher dimensional cases
are discussed in [4]. By the coordinate change zi = log ζi, the boundary of Ω is
mapped to
M =
{
(z0, z1, z2) ∈ C3
∣∣∣ 2∑
i=0
(xi)2 = 1
}/
(2piiZ)3,
where zj = xj + iyj. We set w = z0, (zα) = (z1, z2). We will show that if∫
M
(c3SαβγµA
αγAβµ + c4P |Sαβγµ|
2)
is a global secondary CR invariant of M , then c3 = c4 = 0.
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We take the defining function
ρ := 2
(
1− (x0)2 −
∑
(xα)2
)
and trivialize CR densities by the associated contact form θ = (i/2)(∂ρ− ∂ρ)|TM .
We will compute the Graham–Lee connection for ρ. We define a (1, 0)-vector field
ξ by
ξ =
xi
ρ− 2
∂
∂zi
.
Then ξ satisfies (2.11) with the transverse curvature κ = (2(2− ρ))−1. We take the
Graham–Lee frame {Zα, ξ} and the coframe {θ
α, ∂ρ} defined by
Zα :=
∂
∂zα
−
xα
x0
∂
∂w
, θα := dzα +
xα
2− ρ
∂ρ.
Then the Levi form hαβ = −∂∂ρ(Zα, Zβ) and its inverse are given by
hαβ = δαβ +
xαxβ
(x0)2
, hαβ = δαβ −
2xαxβ
2− ρ
.
If we set
ϕβ
α :=
1
2− ρ
xαhβγ(θ
γ + θγ) +
1
4(2− ρ)
(∂ρ− ∂ρ)δβ
α, Aαβ :=
i
2(2− ρ)
δβ
α,
then these satisfy the structure equations (2.12). Hence the Tanaka–Webster con-
nection and the torsion tensor for θ are given by
ωβ
α = ϕβ
α|TM =
1
2
xαhβγ(θ
γ + θγ)−
i
4
θδβ
α, Aαβ = −
i
4
hαβ.
The Tanaka–Webster curvature tensor satisfies
Rβ
α
γµ =
1
4
(δβ
αhγµ + δγ
αhβµ − 16A
α
µAγβ).
It follows that θ is pseudo-Einstein and
Sαβγµ =
1
12
(hαβhγµ + hγβhαµ)− 4AαγAβµ.
We remark that from this formula one can check that the local CR invariant
Sα
β
γ
µSβ
ν
µ
τSν
α
τ
γ
in Theorem 1.1 is a nonzero constant function on M .
Let us consider the one parameter family of pseudo-Einstein contact forms eεΥθ,
where
Υ := 2x1 = z1 + z1
is a well-defined CR pluriharmonic function on M . Since Υα = δα
1, we have
ΥαΥ
α = h11 = 1− (x1)2, AαβΥ
αΥβ = hα1hβ1Aαβ = −
i
4
(
1− (x1)2
)
.
By using these formulas and (2.8), we compute
1
24
δ4(SαβγµA
αγAβµ) =
1
4
Sαβγµδ
2(Aαγ)δ2(Aβµ)
= SαβγµΥ
αΥγΥβΥµ
=
1
6
(ΥαΥ
α)2 − 4|AαβΥ
αΥβ |2
= −
1
12
(
1− (x1)2
)2
.
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On the other hand, δ4(P |Sαβγµ|
2) = 0 by (2.9). Thus we have
c3
∫
M
(
1− (x1)2
)2
θ ∧ (dθ)2 = 0,
which implies c3 = 0. It then follows from
1
2
δ2(P |Sαβγµ|
2) = −|Sαβγµ|
2ΥαΥ
α = −
1
6
(
1− (x1)2
)
that
c4
∫
M
(
1− (x1)2
)
θ ∧ (dθ)2 = 0,
which implies c4 = 0.
Thus we complete the proof of Theorem 1.1.
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